We propose the holographic interpretation of the 1-point conformal block on a torus in the semiclassical regime. To this end we consider the linearized version of the block and find its coefficients by means of the perturbation procedure around natural seed configuration corresponding to the zero-point block. From the AdS/CFT perspective the linearized block is given by the geodesic length of the tadpole graph embedded into the thermal AdS plus the holomorphic part of the thermal AdS action.
Introduction
The AdS 3 /CFT 2 correspondence is rich and diverse subject which is in a constant state of growth. In particular, many exact results are known in the semiclassical regime where the central charge tends to infinity or, equivalently, the gravitational coupling is small [1] . In particular, it has been shown recently that classical conformal blocks on the Riemann sphere are identified with lengths of geodesic networks stretched in the asymptotically AdS space with the angle deficit or BTZ black hole [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] .
Meanwhile, it is well known that the general solution to the classical Euclidean AdS 3 gravity is topologically associated with a solid torus [12] , so that the corresponding boundary CFT is essentially toroidal theory characterized by parameters of the given particular solution [13] . In this paper we are interested in toroidal conformal blocks and their dual realization. For the previous studies of the toroidal conformal blocks in the framework of CFT see [14, 15, 16, 17, 18, 19, 20, 21] .
We propose the following holographic interpretation of the linearized classical 1-point block on a torus. The bulk geometry is identified with the thermal AdS, while both intermediate and external fields of the classical block are represented by propagating massive particles with masses given by classical conformal dimensions. Note that in the toroidal case the background is not produced by fields of the 1-point function, both the external and intermediate particles are dynamical. This is in contrast with conformal blocks on the Riemann sphere appeared in the AdS/CFT context, where two heavy fields create singularities of the corresponding angle deficit/BTZ geometries. It is clear that the presence of the heavy fields in that case was aimed to produce a cylindrical topology for the boundary CFT which is appropriate for the consideration in the AdS/CFT context. The main result can be formulated as follows. We find that modulo regulator dependent (infinite) terms the linearized version of 1-point classical block function f lin with ǫ, r ǫ being external and intermediate classical conformal dimensions is given bý
where the first term is the holomorphic part of the 3d gravity action evaluated on the thermal AdS space, while the second and third terms give the length of the tadpole graph attached at some boundary point, see Fig. 1 . The outline of this paper is as follows. In section 2 we introduce the 1-point block on a torus, discuss its classical limit and then define linearized version of the block. In general, the definition requires introducing certain hierarchy of the conformal dimensions. In the case under consideration it can be described by the ratio of the external and internal conformal dimensions of the fields. We describe the series expansion of the block in terms of this parameter. In section 3 we develop the holographic interpretation. In particular, in section 3.4 we implement the perturbative procedure leading to the expansion of the geodesic length analogous to those obtained in section 2 for the conformal block. We discuss the seed geodesic configuration and its deformation, and find out that the length of the tadpole graph reproduces the conformal block function. We conclude in section 4 by discussing future perspectives. Appendix A contains the block coefficients represented as formal power series in the elliptic parameter.
Classical 1-point toroidal block
By analogy with CFT on the plane, 1-point correlation functions on the torus can be decomposed into conformal blocks (see, e.g., [16] for a review). The (holomorphic) conformal block of the 1-point correlator of the primary field φ ∆ is given by
where
is the elliptic parameter on a torus with the modulus p τ , r ∆ is the conformal dimension of the intermediate channel, and the expansion coefficients are
Here, | r ∆, My are the M-th level descendant vectors in the Verma module generated from the primary state | r ∆y, G´1 M N are elements of the inverse Gram matrix, G M N " x r ∆, M|N, r ∆y. As usual, |M| denotes the minus sum of Virasoro generator indices. Note that the 1-point conformal block is independent of the insertion point z.
One-point classical block on a torus can be defined along the same lines as in the spherical case as the leading contribution in the c Ñ 8 approximation [21] Vp∆, r ∆|qq "
where k " c{6, external and intermediate classical conformal dimensions ǫ, r ǫ are related to the conformal dimensions by 5) and the function f pǫ, r ǫ|qq is the proper classical one-point conformal block. The series expansion of this function can be easily computed by virtue of the Virasoro algebra commutation relations f pǫ, r ǫ|qq " pr ǫ´1{4q log q`8 ÿ 6) where the first few coefficients are given by
r ǫ´6q´192ǫr ǫ 4 p4r ǫ`3q`48r ǫ 4 p8r ǫ 2`1 0r ǫ`3qs 48r ǫ 5 p4r ǫ 2`1 1r ǫ`6q .
(2.7) (Coefficients f 1 and f 2 can also be found in [21] .)
The 1-point linearised classical block on a torus can be defined as in the spherical case [6, 9, 23, 22] . To this end we introduce the lightness parameter
Then, changing from pǫ, r ǫq to pδ, r ǫq we represent the classical conformal block (2.6) as a double series expansion in q and δ keeping terms at most linear in r ǫ,
where f lin pδ, r ǫ|qq is the linearized classical block. Recalling the definition (2.6) we see that the linearized block is given by f lin pδ, r ǫ|qq " pr ǫ´1{4q log q`r ǫ 10) where the first few coefficients are given in (A.1)-(A.5) as power series in q. The expansion coefficients can be written in a closed form as , . . . , (2.12) where the general element is given by
13)
i " 0, 1, ..., n´1 are binomial coefficients, and κ i are some constants. Let us note that setting ǫ " 0 we arrive at the 0-point block which is the Virasoro character. It follows that the 1-point block can be considered as a small deformation of the 0-point block where the deformation parameter is identified with the external dimension. Such a deformation procedure is exactly what we have for the higher-point conformal blocks on a sphere, where n-point classical block was treated as a deformation of pn´1q-point block [23, 22] . The procedure effectively works when pn´1q-point block is exactly known while the n-point block is not. This is the case with 1-point toroidal block, where 0-point block is the known character.
Dual interpretation
The linearized toroidal conformal block has the holographically dual interpretation where the block function is identified with the length of the tadpole geodesic graph embedded into the threedimensional bulk space, see Fig. 1 and 2. The tadpole is drawn on a two-dimensional annulus which is a slice of Euclidean thermal AdS space
where τ is the pure imaginary modular parameter, and coordinates t " t`2π, ϕ " ϕ`2π, r ě 0. Topologically, the thermal AdS is a solid torus with time running along the non-contractible cycle.
In what follows, we set the AdS radius l " 1. Within the geodesic approximation the gravity functional integral is to be evaluated near the saddle-point given by a particular solution. It is known that in the low-temperature regime corresponding to Im τ " 1 the thermal AdS dominates the functional integral [24] . It follows that the on-shell classical action for the gravity plus the matter represented by massive external and intermediate particles is given by
where the first term being the gravity action on the thermal AdS, the second and third terms being the geodesic lengths of the loop and the radial line with conformal weights (2.5) identified in the c Ñ 8 limit with masses. Below we show that that the linearized conformal block (2.10) is equal to the total action (3.2) as f lin "´S total , cf. (1.1). In the sequel we calculate the geodesic lengths within the classical mechanics of the external and intermediate particles propagating on the surface level characterized by a constant angle. However, the spherical coordinates in (3.1) are incomplete in the sense that a loop going along the zeroth radius has no particular angle value. To complete the definition we change the parameterization of radial and angle coordinates as´8 ă r ă 8 and ϕ " ϕ`π. Then, the solid torus is represented as a stack of annuluses on Fig. 2 rotated along the r " 0 circle by angles from 0 to π. The r " 0 circle has now definite though infinitely degenerate angle position coinciding with that of the corresponding annulus.
Let us first consider the case when the external field is the identity having ∆ " 0. Then, the 1-point conformal block becomes the 0-point conformal block identified with the Virasoro character. The corresponding graph is a loop represented by a constant radius circle going along the origin r " 0, see Fig. 2 . The total action (3.2) is reduced to S total " S thermal`r ǫ S loop . Recalling that the holomorphic part of the gravitational action on the thermal AdS has been calculated in [12, 24, 25 ] to be S thermal " iπτ {2 in terms of the rescaled central charge k, while the circumference is S loop "´2πiτ we find that
This is exactly the minus leading term in the classical block (2.10) provided the modular parameters are equated. If the external field is switched on ǫ ‰ 0 then the constant radius circle identified with the 0-point block is deformed by the external field leg stretching from the conformal boundary to some vertex point in the bulk. 1 The resulting tadpole graph corresponds to the 1-point conformal block. We assume that the loop is more massive than the external leg so in this way we implement the perturbative procedure described in the previous section to obtain the linearized conformal block. To describe the deformation we require that the radial deviation from the constant radius circle at t " 0 is zero. Then, with time running from 0 to π, the deviation reaches its maximum value giving rise to the radial position of the vertex point where the external leg meets the loop.
Recall that in the spherical case the conical singularity/BTZ black hole is created by two heavy fields of the n-point correlation function. In the toroidal case the thermal AdS background is given a-priory, it is not created by any fields of the 1-point correlation function. Instead, the heavy object here is the loop while the external leg is considered as producing small deformations. (The loop can be loosely visualized as a potential line produced by two heavy fields at infinitely separated points of the cylinder but with endpoints identified.) Nonetheless, both of them are treated as probe particles propagating on the thermal AdS background. In the region δ ą 1 the loop is to be considered as a perturbation to the external leg so that in the limit δ " 8 the loop decouples from the leg because r ǫ " ǫ{δ. On the CFT side, the classical block coefficients diverge in this limit, cf. (2.7).
2 The configuration on Figure 2 can be generalized by replacing the loop segment by a geodesic winding around the non-contractible cycle. The resulting configuration is characterized by a winding number and should lead to other local minima of the gravitational action. The dual CFT interpretation is not obvious though.
Worldline approach
The worldline approach proved to be useful in calculating lengths of various geodesic networks [6, 9, 11] . Each geodesic segment is described by the following action
where 1 and 2 are initial/final positions, local coordinates are x m " pt, φ, rq, the metric coefficients g mn pxq are read off from (3.1), and the velocity 9
x is defined with respect to the evolution parameter λ. The action is reparametrization invariant so that one can impose the normalization condition
allowing one to identify the on-shell value of the action as S " λ 2´λ1 while the corresponding equations of motion describe geodesic curves in the thermal AdS space (3.1).
As the metric coefficients do not depend on time and angular variables it follows that the corresponding momenta are conserved, 9 p t " 0 and 9 p ϕ " 0. We restrict the dynamics to the level surface characterized by the constant angle ϕ " 0 corresponding to conserved p φ " 0 while the other conserved momentum p t is the motion integral giving the shape of a geodesics curve. The level surface is identified with the annulus resulting from slicing the thermal AdS along the non-contractible cycle. The normalization condition is then g tt 9 t
2`g rr 9 r 2 " 1, and taking into account g tt g rr "´τ 2 we find out that
The overall sign corresponds to the direction of the evolution parameter flow. The circumference of the loop can be calculated by using the definition of the time momentum p t " g tt 9
t. Representing the loop as two semi-loops we find that
S loop " 2τ is
where s is the loop momentum, and the radial deviation rptq is defined from the normalization condition (3.6). Note that the radial deviation is the distance between the blue loop and the dashed circle shown on Fig. 2 . It satisfies the boundary condition
where ρ is the vertex radial position (see our comments below). 3 If the loop is a constant radius circle then from (3.6) we find that s 2 " 1`r 2 , and, therefore, S loop "´2πiτ s. For r " 0 the length is S loop "´2πiτ .
The time momentum of the external leg is shown below to be vanishing, s " 0. It means precisely that this line is stretched along the radial direction and has the length given by
where ρ is the vertex radial position. The cutoff parameter Λ is introduced to regularize the conformal boundary position. The integration term arising in the Λ Ñ 8 limit is just an infinite constant to be discarded in the final result. The boundary condition (3.8) is pretty well justified in the low temperature regime Im τ " 1 because in this limit the loop circumference is large. The disturbance produced by the external leg in the vertex point gradually decreases when approaching the upper point of the loop t " 0. This intuitive estimate will be confirmed below by explicit calculations (see our comments below (3.28)).
Equilibrium condition
The configuration of the geodesic segments near the vertex point is described by the sum of three pieces of the type (3.4). Minimizing such a combination we find that the time momenta at the vertex point (3.8) satisfy the weighted equilibrium condition
where p 1,2 are the ingoing/outgoing intermediate momenta and p 0 is an external momentum at the vertex point. As the tadpole graph lies on the constant angle slice the spacetime index takes just two values m " pt, rq. Here, we suppose that the evolution parameter λ is increasing away from the vertex. Obviously, any closed curve has |p 1 m | " |p 2 m | while overall sings can be different. Indeed, their relative sign˘depends on whether we take m " t or m " r, see below.
Using parametrization (3.6) we find that the time component of (3.10) is given by r ǫps 1´s2 q`ǫs 0 " 0 . As the loop has s 1 " s 2 " s we find out that s 0 " 0. In other words, the boundary-to-bulk segment goes along the radial direction. The radial component of the equilibrium condition (3.10) is more interesting r ǫp 9 r 1`9 r 2 q´ǫ 9 r 0 " 0 , (3.12)
where 9 r are given by (3.6) with positive sign. Since r 1 " r 2 we find that δ 9 r 0 " 2 9 r 1 , where δ " ǫ{r ǫ. Then, the vertex position ρ is expressed in terms of the loop momentum s as
In particular, we see that if the external field is decoupled δ " 0 then there is the following solution
This is the seed solution for the perturbation procedure that we develop in the next sections. It means that in this case the loop is a circle, while the vertex position ρ " 0 and t " π is fixed to be the point where the external field leg is going to be attached to.
Half-cycle condition
To find how the loop radial deviation evolves in time we use the time loop momentum p t " g tt 9 t and recall that 9 r is given by (3.6). Taking their ratio we arrive at the first order differential equation
where s is the loop momentum. In the range t P r0, ts and r P r0, rs the above equation integrates to 16) where the time dependence is given only via the exponential. Note that the modular parameter enters only through this exponential and this is how the elliptic parameter (2.2) appears in the final expressions. Solution (3.16) can be used to find the vertex position (3.8) through the half-cycle condition represented as
which is given by substituting t " π and ρ " rpπq into (3.16). We note that values (3.14) solve the above equation. The vertex condition (3.13) and the half-cycle condition (3.17) are two algebraic equations on two variables ρ and s. The system can be solved unambiguously as s " spδ, τ q and ρ " ρpδ, τ q. However, contrary to the vertex condition we see that the half-cycle condition is quite complicated which makes it problematic to find exact solutions. Instead, in the next section we develop the deformation method which allows one to find s and ρ as a power series in δ with the leading term given by the seed solution (3.14).
Perturbative expansion
Following the deformation method in [9, 23] we consider the tadpole graph perturbatively starting from the seed solution corresponding to the loop of constant radius (3.14) and adding small interaction with the external leg. In this way we are led to calculate the length function
where S loop and S leg are given by (3.7) and (3.9). It is obvious that the loop and radial segments are parameterized by the modular and conformal parameters. In particular, both lengths can be represented as power series in small parameter δ introduced in (2.8) as
Comparing with the linearized block expression (2.10) we find out that the following condition is to be satisfied S pnq loop pτ q`S pn´1q leg
Below we show that this property of the expansion coefficients follows from the particular form of the time momentum and the vertex position as functions of δ. Now, both the time momentum and the radial deviation along with the vertex position are analogously expanded as 22) where the seed values are s 0 " 1, r 0 ptq " 0 and ρ 0 " 0, cf. (3.8). It follows that the loop length (3.7) is
(3.23) Analogously, the radial length (3.9) is expanded as
Perturbative momentum and radius. In what follows we solve the evolution equation (3.16) and the vertex equation (3.13) perturbatively. It turns out that being expanded in δ the evolution equation contains half-integer order terms δ m{2 for m " 1, 2, 3, ... . Solving the evolution equation in this case gives rise to 0{0 terms. However, all indeterminate forms can be avoided provided that the expansion (3.22) has s 2k`1 " 0 and r 2k " 0 for any k " 0, 1, 2, ... . It follows that the modified expansions read In particular, inspecting (3.23) and (3.24) we find that the condition (3.21) is now automatically satisfied.
The lowest order terms of the vertex equation and the evolution equations are given by The dependence on τ shows that for Im τ « 1 the radial deviation quickly starts to increase near the upper point of the loop, while for large Im τ " 1 it is supported near the vertex point. Substituting t " π into (3.28) we find the vertex position corrections
The appearance of the common factor in the above formulae allows one to represent the vertex position as ρ " gpδq tanh p´iπτ q , where gpδq "
It follows that the characteristic dependence on τ is retained while higher orders in δ appear as the overall scale factor. Also, since the modular parameter is pure imaginary the radial position is not periodic in time t " t`2π. Finally, let us note that there is another branch of radial corrections with overall minus sign. It corresponds to the tadpole graph in the inner region on Fig. 2 .
Perturbative lengths. Using corrections (3.28), (3.29) , and (3.30) it is straightforward to find corrections to the loop length and the leg length according to (3.23) and (3.24) . Consider first the lowest order nontrivial corrections Identifying the modular parameters as "´f k`c onst k , and the identification (1.1) holds true. Finally, recall that in the low-temperature regime, where the thermal AdS dominates the functional integral, the imaginary part is Impτ q " 1 so that the real part 1{2 in (3.33) can apparently be ignored. It follows that in this limit the modular parameters coincide and therefore we deal with the same torus.
Conclusion
In this paper we have proposed the AdS/CFT interpretation of the 1-point linearized classical conformal block on a torus. We have found that the block function can be calculated as the geodesic length of the tadpole graph embedded into the thermal AdS space plus the holomorphic part of the thermal AdS action.
We have seen that the correspondence holds in the low-temperature regime Im τ " 1, where the gravity functional integral is dominated by the thermal AdS. Then, the loop circumference is large so that its upper point can be treated as a point at infinity with respect to the vertex point where the leg is attached to the loop. This justifies our choice of the boundary condition (3.8) which says that the radial deviation of the deformed loop from the zeroth radius circle vanishes at the upper point. Moreover, examining the radial deviation as a function of τ we find out that the disturbance created by the external leg is indeed localized near the vertex point when Im τ " 1. Otherwise, the disturbance creates non-vanishing radial deviation already near the upper point.
On the other hand, it is known that there are other saddle points dominating the gravity functional integral at other temperatures or other τ [24] . In particular, in the high-temperature regime Im τ ! 1 the thermal AdS has less action than BTZ black hole with the modular parameter related to that of the thermal AdS by the modular transformation τ Ñ´1{τ . However, the worldline interpretation of the linearized classical 1-point toroidal block function f lin pǫ, r ǫ|p τ q is specific to the thermal AdS and not BTZ black hole just because the leading term here is " p τ rather than " 1{p τ . In particular, it explains why the toroidal CFT and the thermal AdS modular parameters cannot be equal to each other for any temperatures. Instead, they are related as in (3.33) , that is the thermal AdS modulus τ is shifted by 1{2 with respect to the CFT parameter p τ while in the low-temperature approximation this difference is negligibly small. It is also worth noting that the geodesics length is a real function of real parameters so that the conformal block function should also be real. It implies that the elliptic parameter satisfies the reality condition q "q so that up to the modular equivalence there are two branches with Re p τ " 0, 1{2 and arbitrary Im p τ . Excluding the first branch we are naturally left with the second one realized via the holographic calculations.
Let us conclude by discussing some interesting future perspectives. The natural extension of the present results would be to develop holographic interpretation of 2-point and higher-point conformal toroidal blocks, including the W N symmetry case [26] . Also, it is important to study the subleading 1{c corrections and related phenomena along the lines of [27, 28, 29] . The holographic consideration of various entropies in CFT on a torus is also interesting [30, 31, 32] . It would be especially important to understand the bulk worldline interpretation of the toroidal conformal blocks in terms of Wilson lines within the Chern-Simons formulation [33, 34] , for recent discussion see, e.g., [35, 36, 37, 38] . Finally, it is interesting to develop the geodesic Witten diagrams technique by analogy with conformal blocks on the complex plane [10] . In particular, a dual interpretation of the OPE coefficients in the toroidal case, and, more generally, how the operator algebra is realized in terms of the bulk theory is yet to be found.
